Abstract In this paper we study kink oscillations of coronal loops with the density varying along the loop and also slowly changing with time. Using the Wentzel-Kramers-Brillouin (WKB) method we obtain the adiabatic invariant that determines the time dependence of the oscillation amplitude. The obtained general results are applied to kink oscillations of cooling loops. The main conclusion of this study is that cooling causes the amplification of kink oscillations.
Introduction
Transverse oscillations of coronal loops were first observed by the Transition Region and Coronal Explorer (TRACE) in 1998. These observations were reported by Aschwanden et al. (1999) and Nakariakov et al. (1999) who interpreted them as fast kink oscillations of magnetic flux tubes. Since then the theory of kink oscillations of magnetic flux tubes remains among the hot topics in solar physics. In early theoretical studies coronal loops were modelled as straight homogeneous tubes with circular cross sections. The theory of kink oscillations of such tubes was developed long ago (see Ryutov and Ryutova, 1976; Edwin and Roberts, 1983) . In recent years more complex models have been developed. These models take into account such effects as the density variation along the loop and the loop expansion (e.g. Dymova and Ruderman, 2006a; Ruderman, Verth, and Erdélyi, 2008; , the loop shape (Dymova and Ruderman, 2006b; Morton and Erdélyi, 2009a) , the loop curvature (e.g. Van Doorsselaere et al., 2004; Terradas, Oliver, and Ballester, 2006; Ruderman, 2009 ; see also the review paper by Van Doorsselaere, Verwichte, and Terradas, 2009) , the magnetic field twist Erdélyi and Fedun, 2010) , and the loop non-circular cross section (Ruderman, 2003; Morton and Erdélyi, 2009b; Morton and Ruderman, 2011) . For a contemporary review of the theory of coronal loop kink oscillations, see, e.g. Ruderman and Erdélyi (2009) .
One important property of oscillating coronal loops is that very often they are in a highly dynamic state. In particular, they can cool quickly with a characteristic cooling time of the order of a few periods of the kink oscillation (Aschwanden and Terradas, 2008) . This cooling can strongly affect the kink oscillations. Recently the kink oscillations of cooling coronal loops have been studied by Erdélyi (2009c, 2010) , and the magnetohydrodynamic (MHD) wave propagation in a cooling plasma by Morton, Hood, and Erdélyi (2010) . In particular, Morton and Erdélyi (2009c) found that cooling causes damping of kink oscillations.
In this paper we consider kink oscillations of a coronal loop where the density changes with time. The paper is organised as follows. In the next section we formulate the problem and present the equation governing the kink oscillations of a thin coronal loop with the plasma flow and density varying in time. This equation was derived by . In Section 3 we study the kink oscillations of a quasi-stationary loop, where the term quasistationary means that the characteristic time of the background variation is much larger than the oscillation period. In Section 4 we study the effect of cooling on the frequency and amplitude of kink oscillations. In Section 5 we use the theoretical results obtained in this paper to interpret some properties of coronal loop oscillations observed with the Atmospheric Imaging Assembly (AIA) onboard the Solar Dynamic Observatory. Section 6 contains the summary of the obtained results and our conclusions.
Problem Formulation
We consider kink oscillations of a thin straight magnetic flux tube with circular cross section. The tube is not expanding, so the cross-sectional radius remains constant and equal to a. The plasma density in the tube and in the surrounding plasma can vary along the tube and with time. Hence, in cylindrical coordinates r, ϕ, z with the z-axis coinciding with the tube axis the unperturbed plasma density is ρ(t, z). The plasma density variation with time causes a plasma flow along the tube with the velocity U(t, z). The plasma density and velocity are related by the mass conservation equation,
We do not consider physical processes that cause the density variation, so we do not use the momentum and energy equation for the unperturbed quantities. The density variation is caused by cooling/heating processes that do not directly affect the kink oscillations because we use the zero-beta plasma approximation. The flow related to the density variation is caused by the variation of the pressure gradient along the coronal loop. Once again this pressure gradient variation does not affect the kink oscillation directly in the zero-beta plasma approximation. The unperturbed magnetic field extends everywhere in the z-direction and has constant magnitude B. Ruderman (2010) has shown that, in the thin tube and zero-beta plasma approximation, the kink oscillations of the tube are described by the equation
where the subscripts 'i' and 'e' refer to the plasma inside and outside the loop, respectively. The solution to this equation must satisfy the boundary conditions
where L is the loop length and the magnetic field lines are assumed to be frozen in the dense photospheric plasma at z = ±L/2. In Equation (2) η is a complex-valued function, η = η R + iη I that determines the displacement of the loop axis. If we introduce Cartesian coordinates x, y, z, then the loop axis displacement in the x-and y-directions, ξ x and ξ y , are given by
Quasi-stationary Equilibrium
In this section we study kink oscillations of magnetic tubes in the presence of flow assuming that the equilibrium is quasi-stationary, i.e. the characteristic time of variation of the equilibrium quantities, t ch , is much larger than the typical period of kink oscillations. We denote the ratio of these two quantities as −1 , where 1. Then, the characteristic period of kink oscillations is t ch . On the other hand, it is also of the order of the loop length divided by the characteristic kink speed. Hence, it can be taken to be equal to L/(B/ √ μ 0 ρ ch ), where ρ ch is some characteristic density. As a result we have
This estimate inspired us to introduce the scaled magnetic field B = B. Then we rewrite Equation (2) as
Now we use the Wentzel-Kramers-Brillouin (WKB) method (see, e.g. Bender and Ország, 1987) and seek the solution to this equation in the form
Expanding S in the series
substituting Equations (6) and (7) in Equation (5), and collecting terms of the order of −2 , we obtain
where
This approximation is sometimes called the approximation of geometrical optics. It follows from Equation (3) that S 0 satisfies the boundary conditions
Equations (8) and (10) constitute the boundary value problem that determines the oscillation frequency . This problem coincides with the boundary value problem obtained by Dymova and Ruderman (2005) for kink oscillations of a magnetic tube with density varying along the tube that is in a static equilibrium. In what follows we assume that 2 is the eigenvalue and S 0 the corresponding eigenfunction of the boundary value problem defined by Equations (8) and (10). In accordance with the general theory of the Sturm-Liouville problem, 2 is real (see, e.g. Coddington and Levinson, 1955) . It is straightforward to see that 2 > 0. Since the coefficient function in Equation (8) is real, we can always take S 0 to be real.
In the next order approximation, sometimes called the approximation of physical optics, we collect the terms of the order of −1 in Equation (5). This yields
It follows from Equation (3) that S 1 satisfies the boundary conditions
The homogeneous counterpart of the boundary value problem constituted by Equations (11) and (12) has a non-trivial solution S 1 = S 0 . This means that the boundary value problem determining S 1 has a solution only when the right-hand side of Equation (11) satisfies the compatibility condition, which is the condition that it is orthogonal to S 0 . We obtain this compatibility condition by multiplying Equation (11) by S 0 , integrating the obtained equation, and using integration by parts and Equation (12). After some algebra we write this condition as
The quantity ω can be considered as the instantaneous frequency of the kink oscillation. Using the mass conservation equation (1) we obtain
With this result we reduce Equation (13) to a very compact form,
This equation determines the evolution of S 0 with time. In the theory of systems with slowly varying parameters, relations like Equation (16) are called adiabatic invariants.
Effect of Cooling on the Oscillation Amplitude
In this section we study the variation of amplitude of a kink oscillation caused by loop cooling. We start by studying the simplest case, where the density is homogeneous along the loop. Next we proceed to a more complicated case with the density varying along the loop.
Homogeneous Loops with Density Varying with Time
If the loop height is sufficiently smaller than the atmospheric scale height, and this remains valid during the loop cooling process, then we can take the plasma density as approximately constant along the loop. In that case C k depends on t only. Then the solution to the boundary value problem of Equations (8) and (10) is very simple:
Substituting these results in Equation (16) we obtain
Cooling causes the evacuation of plasma from the loop due to the pressure decrease. This implies that the density decreases in a cooling loop and, in accordance with Equation (14), C k increases. Hence, it follows from Equation (18) that cooling amplifies the loop oscillation.
Stratified Loop with the Same Temperature Inside and Outside
Now we consider the general case where the loop height can be of the order of the scale height. In this case we cannot assume that the loop is homogeneous, and we must take the density variation along the loop into account. Following Aschwanden and Terradas (2008) and Morton and Erdélyi (2010) , we approximate the temperature evolution by an exponentially decaying function,
where we have assumed that the cooling starts at the initial moment of time t = 0. The main aim of this subsection is to compare our results with those obtained by Morton and Erdélyi (2009c) . Hence, similar to Morton and Erdélyi (2009c) , we assume that the plasma temperature is the same inside and outside the loop. Substituting Equation (19) in the ideal gas law, we obtain that the equilibrium density and pressure are related by
where k B is the Boltzmann constant and m the mean mass per particle (equal to one half of the proton mass for a proton-electron plasma). The viscosity in the solar corona is very small, so we can describe the plasma motion by the Euler equation. Taking the projection of this equation on the direction tangent to the loop and using Equation (20) yields
where g is the gravitational acceleration, α is the angle between the tangent to the loop axis and the vertical direction, and H (t) is the atmospheric scale height given by
In the solar atmosphere g ≈ 274 m s −2 . Using (1) we obtain the estimate for the flow velocity, U ∼ L/t cool . Taking L ∼ 100 Mm and t cool ∼ 10 3 s gives U ∼ 10 5 m s −1 . This value for the flow is at the upper boundary of the range of downflows observed in coronal loops (see, e.g. Schrijver et al., 1999; Ofman and Wang, 2008) , where typical values range from 4 × 10 4 to 1.2 × 10 5 m s −1 . Then, the left-hand side of Equation (21) is of the order of U 2 /L ∼ 100 m s −2 . Hence the ratio of the left-hand side of Equation (21) to its right-hand side is of the order of 1/3, i.e. it is sufficiently small. This implies that we can neglect the left-hand side in comparison with the right-hand side. Thus, we immediately obtain the following expression for ρ i and ρ e :
where ρ f is the density at the loop footpoints inside the loop and χ < 1 is a constant. In what follows we assume that ρ f is independent of t . Note that this assumption is different from that of the previous subsection, where we assumed that the density decreases in the entire loop. In the approximation that we use, the dependence of the density on the distance along the loop is the same as in a static atmosphere. The only difference is that now the scale height is a function of time.
In what follows we assume that the loop has a half-circle shape. Then, we obtain α = π(z/L + 1/2), and
Substituting Equation (24) in Equation (9) yields
Introducing the dimensionless variables and parameters
where a is the loop radius, we rewrite Equations (8) and (16) as
where we have dropped the prime at S 0 . The solution to Equation (28) must satisfy the boundary conditions of Equation (10). Clearly the eigenfunction corresponding to the fundamental mode is even, and the eigenfunction corresponding to the first overtone is odd. This enables us to solve Equation (28) 
while the solution corresponding to the first overtone must satisfy the boundary conditions
To solve the eigenvalue problem numerically, we have used the shooting method. The dependence of the dimensionless frequency of the fundamental mode on the dimensionless time τ for various values of κ is shown in Figure 1 . Figure 2 displays the ratio of frequencies of the fundamental mode and the first overtone, ω 1 /ω f , as a function of τ for various values of κ. We see that the fundamental frequency increases with time, and the ratio of frequencies decreases, which is in good agreement with the results obtained by Morton and Erdélyi (2009c) . These results are not surprising and could be predicted in advance. Cooling causes the density decrease. As a result, the phase speed of kink oscillations increases; consequently, the oscillation frequency also increases. On the other hand, cooling causes a decrease of the atmospheric scale height. Studies of kink oscillations of loops embedded in an isothermal atmosphere found that the larger the ratio of the loop height to the atmospheric scale height, the smaller ω 1 /ω f Andries et al., 2009; Dymova and Ruderman, 2006a, 2006b) . We have also studied the evolution of the fundamental mode amplitude with time. Since the eigenfunction is determined with an accuracy up to multiplication by an arbitrary constant, we can always fix the value of the eigenfunction at one particular point. Let S 0 = Q(ζ ) be an eigenfunction corresponding to the fundamental mode that satisfies the condition Q(0) = 1 (recall that Q parametrically depends on τ ). Then, the general solution to the eigenvalue problem corresponding to the fundamental mode is S 0 = A(τ )Q. Obviously A(τ ) is the oscillation amplitude at the apex point ζ = 0. Substituting this expression in Equation (29) we obtain
The dependence of A(τ )/A(0) is shown in Figure 3 for various values of κ. We see that cooling amplifies the loop kink oscillations. This result is just the opposite of the one presented by Morton and Erdélyi (2009c) , who obtained that cooling causes the damping of coronal loop kink oscillations. We think that the reason for this difference is that Morton and Erdélyi (2009c) neglected the flow generated by the density decrease due to cooling. Our calculations show that accounting for this flow is very important. Note that the flow velocity does not appear in the WKB equations of the first order approximation (the approximation of geometrical optics) that defines the eigenfunctions and eigenfrequencies. It only appears in the WKB equations of the second order approximation (the approximation of physical optics) that defines the amplitude evolution. Thus it is not at all surprising that our results related to the eigenfrequency behaviour are exactly the same as those obtained by Morton and Erdélyi (2009c) , while the results related to the amplitude behaviour are different from those obtained by Morton and Erdélyi (2009c) .
For further comparison with Morton and Erdélyi (2009c) we artificially set the flow velocity equal to zero in the equations of the second order approximation. After that we obtained that the oscillation amplitude decreases, which is in complete agreement with Morton and Erdélyi (2009c) . This result strongly supports the conclusion that the discrepancy between our results concerning the amplitude behaviour and those obtained by Morton and Erdélyi (2009c) is related to the fact that Morton and Erdélyi (2009c) neglected the plasma flow caused by the loop cooling.
Finally, we note that we did not study the evolution of eigenmodes due to the loop cooling. This study has been carried out by Morton and Erdélyi (2009c) . Since our results concerning the eigenmode behaviour coincide with those obtained by Morton and Erdélyi (2009c) , there is no need to repeat this study.
Stratified Loop with Constant Temperature of External Plasma
The model used by Morton and Erdélyi (2009c) and in the previous subsection of this paper is less realistic for coronal plasmas. The reason for this is the following. The main cause of the loop cooling is radiation. Since its intensity is proportional to the density squared, the cooling of plasma inside the loop should be much faster than the cooling of the outside plasma. Hence, it is viable to assume that only the plasma inside the loop is cooling, while the temperature of the external plasma does not change. In what follows we assume that the temperatures of the internal and external plasma are the same at the initial moment of time, and that, once again, the loop has a half-circle shape. Then ρ i (t, z) is still given by Equation (24), while ρ e (z) is now given by
where H 0 = H (0). Substituting Equations (24) and (33) in Equation (9) yields
where C 2 f is given by Equation (26). Using the same dimensionless variables and parameters as in the previous subsection, we rewrite Equations (8) and (16) as Figure 4 The dependence of dimensionless frequency on dimensionless time τ for the model with constant plasma temperature outside the loop, and χ = 1/3. The solid, dashed, and dashed-dotted curves correspond to κ = 0.5, 1, and 2.
Figure 5
The dependence of the ratio of frequencies of the first overtone and fundamental mode on the dimensionless time τ for the model with constant plasma temperature outside the loop, and χ = 1/3. The solid, dashed, and dashed-dotted curves correspond to κ = 0.5, 1, and 2.
The boundary conditions for S 0 are the same as in the previous subsection; they are given by Equation (30) for the fundamental mode and by Equation (31) for the first overtone. The equation determining the evolution of the fundamental mode amplitude A now takes the form
where S 0 = Q is the solution to Equation (35) satisfying the boundary conditions (30) and Q(0) = 1. The frequencies were calculated for χ = 1/3. The dependence of the dimensionless frequency of the fundamental mode on the dimensionless time τ for various values of κ is shown in Figure 4 . Figure 5 displays the ratio of frequencies of the fundamental mode and the first overtone, ω 1 /ω f , as a function of τ for χ = 1/3 and various values of κ. The dependence of A(τ )/A(0) was calculated for two values of χ . It is shown in Figure 6 for χ = 1/3 and in Figure 7 for χ = 0.1 and various values of κ. Qualitatively, the results are the same as in the previous Figure 6 The dependence of the oscillation amplitude on the dimensionless time τ for the model with constant plasma temperature outside the loop, and for χ = 1/3. The solid, dashed, and dashed-dotted curves correspond to κ = 0.5, 1, and 2.
Figure 7
The dependence of the oscillation amplitude on the dimensionless time τ for the model with constant plasma temperature outside the loop, and for χ = 0.1. The solid, dashed, and dashed-dotted curves correspond to κ = 0.5, 1, and 2.
subsection. In particular, the oscillation amplitude grows with time, so that cooling amplifies the kink oscillations. Quantitatively, the effect of cooling is much less pronounced; this is not surprising because now cooling affects only the plasma inside the loop. We also see that the effect of cooling on the oscillation amplitude increases when χ decreases. Again, this is an expected result because, when χ decreases, the density of the external plasma becomes less important for the oscillation properties.
Application to Coronal Loop Oscillations Observed with AIA
Recently Aschwanden and Schrijver (2011) reported observations of coronal loop oscillations using data from the Atmospheric Imaging Assembly (AIA) onboard the Solar Dynamics Observatory (SDO). The oscillation event occurred on 16 October 2010. The oscillating loop was approximately planar with an inclination angle with respect to the vertical direction between 0
• and 20 • . The loop had an approximately half-circle shape with apex point height about 37 Mm. The oscillation was vertically polarised, and the oscillation period was P ≈ 395 s. The observation continued for about 3.6 periods. The loop was cooling with the initial temperature about 0.8 MK and final temperature about 0.4 MK. If we assume that the temperature decreases exponentially as described by Equation (19), then we obtain t cool ≈ 2050 s ≈ 34 min.
An unusual property of the observed oscillation was that its amplitude remained practically constant during the observation, so there was no damping. If we model the coronal loop by a core homogeneous magnetic cylinder surrounded by an annulus where the density is monotonically dropping from its high value inside the loop to a low value in the outside plasma (see, e.g. Ruderman and Roberts, 2002; Goossens, Andries, and Aschwanden, 2002) , then we have to conclude that the ratio of the annulus thickness to the loop radius a must be very small.
However, in view of theoretical results obtained in this paper, we can come to a different conclusion. As has been shown, cooling amplifies the kink loop oscillations. Hence, it seems viable to assume that the oscillation amplitude did not change because the amplification due to cooling was in an approximate balance with resonant damping. To give an accurate theoretical description of this phenomenon we need to develop a theory that describes the simultaneous effect of cooling and resonant damping on the loop kink oscillations. However, some raw estimates can be given immediately.
Since the initial plasma temperature inside the loop was 0.8 MK, the initial atmospheric scale height was about 40 Mm. Hence, it was approximately equal to the apex height, and we can take κ ≈ 1. It was also estimated that the ratio of the external and internal plasma densities was about 0.08, so we can take χ ≈ 0.1. The dependence of the oscillation amplitude A on time is visualised in Figure 7 by the dashed curve. It is not described by the exponential function, but it can be fairly well approximated by the exponent. So we can use the approximate relation
The amplification time t amp can be found from the condition A(t cool ) = A(0) exp(t cool /t amp ).
As a result we obtain t amp ≈ 4t cool ≈ 137 min. Now we use the expression for the damping time given by ,
where t damp is the damping time. The resonant damping is balanced by the amplification when t damp = t amp . Using this condition we obtain /a ≈ 0.04. This is an unusually small value for /a, so, in this particular case, accounting for amplification due to cooling does not affect much the conclusion that we must have /a 1. However, we can see that the efficiency of amplification strongly depends on the ratio of the apex point height to the scale height κ. It increases quickly with increasing κ. The amplification efficiency also strongly depends on the cooling time, because the characteristic amplification time is proportional to the cooling time. In the event reported by Aschwanden and Schrijver (2011) t cool /P ≈ 5. If, for example, we consider a hypothetical loop with t cool /P = 2, κ = 2, and the initial ratio of densities inside and outside the loop is equal to 0.1, then we obtain /a ≈ 0.17, which is in the range of values of /a typical for noncooling loops (see, e.g. Goossens, Andries, and Aschwanden, 2002) .
Summary and Conclusions
In this paper we have considered kink oscillations of a thin magnetic tube with timedependent density and plasma flow. Using the equation derived by Ruderman (2010) that governs the kink oscillations of thin magnetic tubes with time-dependent density and flow, we studied kink oscillations of quasi-stationary loops, which are loops with a characteristic density variation time that is much larger than the oscillation period. Using the WKB method, we obtained the adiabatic invariant that determines the time dependence of the oscillation amplitude.
The obtained general results were applied to cooling loops. We considered three cases. In the first case we assumed that the density is homogeneous, i.e. it does not vary along the loop. This assumption strongly simplifies the calculations, and we immediately obtained that the oscillation amplitude is proportional to the square root of the phase speed of the kink oscillations C k (t). If the density variation is due to cooling, then the density decreases with time, C k (t) increases, and, as a result, the oscillation amplitude grows.
In the second case we considered the same model but with the density varying along the loop. We assumed that the plasma temperature does not vary along the loop and is the same inside and outside the loop. This is exactly the model used by Morton and Erdélyi (2009c) . The loop is assumed to have a half-circle shape. The density inside and outside the loop is defined by the barometric formula. The main results are the following. The oscillation frequency increases with time. The ratio of frequencies of the first overtone and fundamental mode decreases. These results are in agreement with those obtained by Morton and Erdé-lyi (2009c) . Finally, the oscillation amplitude increases, so the loop cooling amplifies the kink oscillations. This result contradicts the one obtained by Morton and Erdélyi (2009c) . We attribute this difference to the fact that Morton and Erdélyi (2009c) neglected the flow related to the density decrease. Our analysis shows that accounting for this flow is of crucial importance.
In the third case the model was similar to the one studied in the second case; however, we assumed that only the plasma inside the loop is cooling, while the temperature of the external plasma does not change. The results obtained in this latter case are qualitatively similar to those obtained in the second case.
The theoretical results obtained in this paper have been applied to observations of undamped coronal loop oscillations. Aschwanden et al. (2002) reported 17 events of coronal loop transverse oscillations observed with TRACE. In seven of these events no damping of oscillations was observed. Recently Aschwanden and Schrijver (2011) reported observations of coronal loop oscillations using the data from AIA onboard SDO. In one case the oscillation was practically undamped. Aschwanden and Schrijver (2011) concluded that, if we assume that the damping is due to resonant absorption and use the thin tube thin boundary (TTTB) approximation, then the ratio of the boundary thickness to the loop radius should be extremely small. An important property of the observed loop was that it was cooling. We suggest that the loop oscillation was undamped because the damping due to resonant absorption was balanced by amplification due to cooling. Using the theoretical results obtained in this paper, we calculated that the amplification due to cooling can balance the damping due to resonance absorption if the ratio of the transition layer thickness to the loop radius is about 0.04. Hence, in this particular case the suggestion by Aschwanden and Schrijver (2011) that the transition layer must be extremely thin remains valid. However, this estimate is very sensitive to the cooling time and the loop initial temperature. If, for example, we consider a hypothetical loop with the same parameters as one reported by Aschwanden and Schrijver (2011) but with the cooling time reduced by 2.5 times and the initial temperature reduced by 2 times, then the oscillation of such a loop will be undamped if the ratio of the transition layer thickness to the loop radius is about 0.17.
